Since the seminal paper of Vasicek and Fong (1982) term structure models are estimated assuming that yields are cross-sectionally homokedastic. In this paper, we show that this hypothesis does not hold even for bonds from the same issuer when there are differences in their level of liquidity. Those bonds with a lower daily turnover would experiment a higher volatility around the expected yield determined by the term structure. The existence of a minimum tick size on the bond price negotiation would also produce a higher volatility for those bonds approaching their expiration term. In order to show these effects, we use data from Spanish sovereign bonds from 1988 to 2010, covering more than 700 bonds and 5000 days. With these data we have estimated the out-of-sample error for each bond and day. The variance of these errors is negatively correlated with the turnover of each bond and its duration, while the mean of the error is directly correlated with the estimated variance. Taking into account these features we propose, for fitting the term structure, a modified Svensson (1994) yield curve model where an additional liquidity term is added and parameters are estimated by weighted least squared errors to take into account the liquidity-induced heterokedasticity.
INTRODUCTION
In the financial literature, there is little disagreement that liquidity is the second most important factor after credit risk that affects the yields of bonds. However, it is one of the least understood areas of finance. Since the pioneer work of Fisher (1959) pointed out that it was liquidity the variable responsible for the existing differentials of profitability between the titles of private equity and the titles of Government Securities (GS), many authors have studied the liquidity factors on the debt markets.
Some studies make inferences about bond liquidity or about the valuation implications of liquidity differences using such proxies for liquidity as securities age (Sarig and Warga, 1989) , security type (Amihud and Mendelson, 1991; Kamara, 1994) , ontherun/offtherun status (Warga, 1992) , trading volume (Elton and Green, 1998 ) and term to maturity (Shen and Starr, 1998) . The case for a liquidity premium 1 has been more frequently treated in the literature (i.e. Amihud and Mendelson, 1986; Elton and Greene, 1998; Alonso et al., 2004; Diaz et al., 2006) .
The main goal of this paper is to present a model able to explaining the role played by liquidity considerations in the departure of sovereign bond yields from a theoretical liquidity-free term structure of interest rates.
In the recent financial crisis, where spreads between Sovereign bonds issued by different countries has been used as a measure of credit risk differences, preferences for more liquid bonds 2 may have been distorting the supposed meaning of these spreads, imposing an upward bias. Liquidity considerations may have also implied an undesired role in the interpretation of the differences between nominal bonds and inflation-linked bonds as inflation compensation, since liquidity differences in favour of nominal bonds produce a downward bias in the supposed market inflation expectations. Therefore, liquidity spreads have received increasing attention in the literature. Nevertheless, the effect of liquidity factors on yield variance has received less attention.
1 Amihud and Mendelson (1986) stated that the first consequence of the liquidity factor is the major or minor exigency of a return. These differences are known as liquidity premiums and are deviations from the yields of the different assets to compensate differences in liquidity. 2 Bond spreads increase during recessions due to a phenomenon called flight-to-liquidity and flight-toquality (Goyenko et al., 2011) .
Lately, the Eurobonds 3 have been the object of intense political debate due to the threat of Greece's default. The argument in favour of these assets goes in the line of the liquidity improvement over individual sovereign bonds, which could reduce the cost of issuance. Alonso et al. (2004) define liquidity as the ease of its conversion into money whereas Díaz et. al (2006) defines liquidity as a feature of financial assets related to the ease with which a security can be traded within a short period of time period of time without causing significant impact on prices. The main consequence of the lack of liquidity is that in the case of a trader willing to either buy or sell a given asset, the direction of the trade will have a sizeable effect on the price, been this movement upward in the case of a buy order or downward for a sell order. Therefore, price changes will be higher for illiquid assets, which imply differences in the associated variance of the bonds due to their different degree of liquidity.
In the case of fixed rate securities, differences in the level of liquidity would cause wider movements for less liquid bonds, both in the upside and in the downside.
Therefore, liquidity considerations should imply differences in their associated variance, even for those bonds from the same issuer. Main direct implication of this heterokedasticity will appear for the estimation of the yield curve. Since the paper of Vasicek and Fong (1982) , term structures of interest rates are estimated assuming that yields are homokedastic, and this assumption has been applied since then in the subsequent models proposed in the literature (i.e. Nelson and Siegel, 1987; Svensson, 1994; Bliss, 1997; Jordan and Mansi, 2003) . A vast majority of Central Banks use this error correction in their model estimation. In fact, the Bank of International Settlements (2005) shows that 6 out of 11 Central Banks use the weighted prices to estimate the term structure. Nevertheless, the evidence presented in this paper show that this Vasicek and Fong (1982) assumption of homokedastic yield errors no longer holds when the bonds considered have different levels of liquidity.
The problem behind the approach above stem from the way liquidity is considered. For GS, Alonso et al. (2004) stated that liquidity should be closely linked to the marketmakers' inventory risk and order-processing costs which ultimately depend on the level of risk of the asset (duration) and the frequency with which a transaction will be executed (turnover). The on-the-run issues are those more recently auctioned and tend to be more liquid than previous issued bonds (off-the-run) maturing on similar dates (Pasquariello and Vega, 2009 ). Nevertheless, even among these bonds there might be differences on liquidity, and therefore, heteroskedasticity among the yields.
By contrast, Amihud and Mendelson (1991) proposed a model for short term interest rates where yields had a variance that was conditional on the time to maturity. Although this approach deal with the duration component of liquidity does nothing with the trading volume factor. In this sense, Elton and Greene (1998) proposed a model for the term structure estimated minimizing the mean root squared error, but the errors are then used in a liquidity model where the parameters are estimated using a heteroskedasticity and autocorrelation consistent estimate of the variance (HAC estimator). Díaz et al. (2011) considered the heteroskedasticity of the interest rates but used a time series approach rather than a cross-sectional liquidity related approach. Elton and Greene (1998) propose the trading volume as the main variable producing liquidity differences among bonds with the same issuers. However, as this variable is not always available, some authors use proxies of this variable. The most common one is the classification of the bonds in on-the-run (the most recently auctioned issue), offthe-run (next to the most recently auctioned issue) and off-off-the-run (older issued bonds). That is the case for Alonso et al. (2004) and Diaz et al. (2006) . Both Alonso et al. (2004) and Diaz et al. (2006) also include the pre-benchmark category that includes the first days of a new issue, where there is not enough trading volume on that issue yet. Alonso et al. (2004) verify the existence of liquidity premiums in the prices of titles negotiated in the Spanish GS market. The methodology used is that of Elton and Green (1998) , based on the estimation of the Term Structure of Interest Rates. These authors incorporate the effect of the liquidity in the estimation introducing dummy variables for the different categories (on-the-run/off-the-run) of the bonds. The instantaneous forward remains defined according to the method of Svensson (1994) . Díaz et al. (2006) analyse the liquidity structure of the Spanish Treasury bond market using trading volume market share and "auction status" as proxies for liquidity to determine if the entry of Spain in the European Monetary Union (EMU) has had some repercussion in liquidity. They also analyse the impacts of EMU on volatility of yields in the Spanish treasury market 4 , finding a dramatically decline after the market began pricing EMU.
In this paper we propose a heterokedastic model for the yields, where the variance equation is function of the trading volume and the duration, allowing for consistent estimators of the yield curve in the sense of White (1980) .
Following both Elton and Greene (1998) and Alonso et al. (2004) , we add a term of liquidity on the estimation of the Svensson (1994) term structure model. But we depart from both papers in the sense that we use the heteroskedasticity variable estimated for the variance equation for the term structure, instead of the trading volume like Elton and Greene (1998) or the on-the-run/off-the-run quality of the bonds like Alonso et al. 2004) . In this way, we use a model that assimilates to a garch-in-mean model.
The rest of the paper is organized as follows. The next section describes the data. On Section 3 we show that liquidity factors produce heteroskedasticity in the GS yields. On Section 4 we modified Svensson (1994) model in order to incorporate liquidity constrains when estimating the term structure, both in the mean and the variance equation. On Section 5 we estimate the model with the Spanish sovereign bonds, and on section 6 we give some conclusion.
Data
The database used for the following sections is provided by Banco de España public webpage and contains all transactions in the secondary market called Spanish Public Debt Market. This database has been previously used by Díaz et al. (2006 et al. (2004) have studied the volume of negotiation of these titles trough the period 1998-2003.
They found that transactions with strips had represented in 1998 not more than 2 for 100 of the total of operations with Public Debt in average and only the 0.5 for 100 of the same total in 2003. This lack of liquidity on the market of strips cause distortions in the prices that will concern the form of the zero coupon curve in case of being used in the estimation.
From this data, we have produced daily estimations of the yield curve using Svensson (1994) model implementing the algorithm proposed by Gimeno and Nave (2009) . This model modifies the original work of Nelson and Siegel (1987) . To do so, uses a second term (the one that Nelson and Siegel (1987) had abandoned in their work) and added another constant parameter φ 6 . The equation for the instantaneous forward rate is: And replacing the discount function, the equation remains: 
where t is the term and ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4,, ϕ 5 y ϕ 6 the parameters to be estimated. Svensson (1994) originally estimates by maximum likelihood.
The choice of this method is based on both its presence in a considerable number of studies, due to the great number of Central Banks that use it 6 (including the Bank of Spain); and the best performance the model has shown in the Spanish Government Debt
Market, compared to other parametric models 7 .
Following Bliss (1996) 
A liquidity model
The purpose of this model is to explain the value of the liquidity deviation from the model implied interest rates (l it ). In this approach, we proxy the liquidity error as the difference between the quoted yield of a bond (i) and its yield implied by the out-ofsample Svensson term structure model for a given day (t). In the presence of liquidity considerations, these errors should be strongly influenced by two factors:
• Turnover or trading volume (T it ). If the bond is rarely traded, matching operation would be difficult to reach, and the willing seller (buyer) would have to accept a lower (higher) price in order to complete the order. Elton and Green (1998) signaled that trading volume was a more robust measure of asset liquidity than other proxies used in other studies such as type of security. For instance, Warga • Tick size. Bond pricing implies that the same price changes has a different effect on a bond depending on their time to maturity (d it ), so those close to maturity will experience higher return swings than the rest. Amihud and Mendelson (1991) found evidence that there was a liquidity premia that was decreasing and convex function of the time to maturity.
Liquidity constrains would produce wider movements for less liquid bonds, both in the upside and in the downside. Therefore, liquidity considerations should imply differences in the variance of l it (heterokedasticity). In these sense, Amihud and Mendelson (1991) proposed a model where yields had a variance that was conditional on the time to maturity. The unobserved variance variable (h it ) would depend, both on turnover (there would be a negative relationship between turnover and variance) and on time of maturity (there would be a positive relationship between the inverse of the duration and the variance). Therefore, a heterokedastic model for the yield errors (l it )
would be equal to the one in equation [4] .
In the variance equation, we would expect that and , if both turnover and the tick size explain the variance of . In Table 1 , model 1 represents the estimations of parameters of equation [4] . As can be seen, both turnover and duration coefficients have the expected sign (negative for the turnover and positive for the duration). This result confirms that yields are not homokedastic, a feature that we will use in the models of next section.
Although these variables affect primarily the variance of l it (h it ), this is far to be the only expected effect. A difference in the variance of the yields of different bonds implies a different level of risk for an investor. Therefore, we would expect that investors would ask for higher return in the case of bonds that are susceptible of higher liquidity volatilities. Thus, the level of the variance (h it ) would also affect the level of the yield (the level equation).
The variance equation remains invariant with respect specification of equation [4] , where we expected that and , if both turnover and the tick size explain the range of movements in . Nevertheless, in the level equation, the heterokedastic behavior of l it would be derived from the first term ( ), while these differences in volatility would be compensated by a higher liquidity premium ( ). Therefore, parameter will be the price of liquidity risk. We would expect that , implying that investors demand a premia for the risk they are assuming 8 .
In model 2 in table 1, we present the parameters estimations of model [5] . Vasicek and Fong (1982) estimated the term structure of interest rates assuming that bond returns were homokedastic. Nevertheless, nonlinear optimization methods are extremely simplified if we define error in terms of prices instead of yields. In these circumstances, the price of a bond, given a certain term structure defined by function is computed as: 
Svensson model modified to take liquidity into account
Vasicek and Fong (1982) showed that if yield errors are homokedastic (Variance equal to ), then the variance of the price error would be proportional to the squared of the sensibility of the bond price to variations in the yield (the duration):
Therefore, if we want to recover the yield curve, we would need to weight the price squared errors by the inverse of the duration in order to obtain an objective function.
Nevertheless, in previous section we have shown that Vasicek and Fong (1982) assumption of homokedastic yield errors no longer holds when the bonds considered have different levels of liquidity. Therefore, the usual weighting aggravates the observed heterokedasticity instead of correcting it. In fact, the variance for the price error would be,
Where is the heterokedastic model we proposed in previous section:
And the estimation of the term structure will require the jointly estimation of the parameters of both the term structure (equation [7] ) and the variance equation (equation
Liquidity premia
Previous model does not take into account the presence of a liquidity premia. It just considers the variability in prices derived from these liquidity considerations. In order to include this in the model we should vary equation [6] to add an additional term: Elton and Greene (1998) , where the log of the trading volume was added for the pricing equation.
Model estimation
In As can be seen in the attached tables, the liquidity premia was higher in the middle of the Greek debt crisis (May 11 th , 2010) than before, or after those days.
Conclusions
In this paper we have tried to explain the role played by liquidity on the deviations of sovereign bonds yields from a theoretical liquidity-free term structure of interest rates.
In this process, we observed that differences in the level of liquidity of the titles would cause wider movements of prices for less liquid bonds, therefore liquidity considerations should imply differences in their associated variance.
In this sense, we propose a heterokedastic model for the yields of the bonds, where the variance equation is function of the trading volume and the duration. After estimation of this model we obtained the expected sign of the coefficients (negative for the turnover and positive for the duration). This seems to confirm that liquidity differences among bonds from the same issuer can produce heterokedasticity.
Main direct implication of this heterokedasticity appears for the estimation of the yield curve. Vasicek and Fong (1982) estimated the term structure of interest rates assuming that bonds returns were homokedastic, and they proposed an error correction that consisted in weighting the price squared errors by the inverse of the duration. In this paper we have showed that this hypothesis does not hold, even for bonds from the same issuer, when there are differences in their level of liquidity. Therefore, cross-sectional models for the term structure should be corrected for liquidity differences.
Finally, to take into account the presence of a liquidity premia, we propose a Svensson model modified by liquidity risk similar to the one proposed by Elton and Green (1998) . 
